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Abstract. This is the second in a series of papers on natural 
modification of the normal tractor connection in a parabolic ge- 
ometry, which naturally prolongs an underlying overdetermined 
system of invariant differential equations. We give a short review 
of the general procedure developed in [5] and then compute the 
prolongation covariant derivatives for a number of interesting ex- 
amples in projective, conformal and Grassmannian geometries. 

1. Introduction 

In this paper we study certain overdetermined linear systems of 
PDE's that have geometric origin and satisfy strong invariance prop- 
erties. The goal is to rewrite these systems in a closed form, which for 
our purposes means to find an extended system described by a covari- 
ant derivative in such a way that parallel sections with respect to this 
covariant derivative are in one to one correspondence with solutions of 
the original equation. The main advantage of such a prolongation is 
clear - one immediately obtains a bound on the dimension of the solu- 
tion space and the curvature of this covariant derivative obstructs the 
existence of a solution. Moreover, there is a neat relationship between 
geometry of the underlying manifold and the extended prolongation 
system, see e.g. [2],[5] and the references therein. 

The equations we study appear naturally for parabolic geometries 
like projective, conformal or Grassmannian structures and include as 
a special instances the equations describing the infinitesimal symme- 
tries of geometric structures. Special examples of overdetermined linear 
systems of invariant equations coming from parabolic geometries are 
discussed in e.g., [2], [13], [7], [lO], [IE]. 

In fact, the invariant equations in question appear in the Bernstein- 
Gelfand-Gelfand (BGG for short) sequences, which are the source of 
overdetermined invariant operators resp. their prolonged systems in 
question. The prolongation of the first operator in the BGG sequence 
is realized by certain commutative square related to BGG operators 
in the sequence. We are constructing also examples of commutative 
squares for all operators in the BGG sequence. 
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1.1. The BGG-sequence. Let G be a semi-simple Lie group and 
P G G a parabolic subgroup. A parabolic geometry on a manifold 
M consists of a P-principal bundle Q M together with a Cartan 
connection 1-form uj G f2^(^,g), [H]. Here g denotes the Lie algebra 
of G. A major development in the construction of differential invari- 
ants of parabolic structure was done in jl], and the construction was 
subsequently simplified in [3]. 

Let V be a finite dimensional G-representation. It is well known that 
the associated tractor bundle V = Q XpN carries the canonical tractor 
covariant derivative V induced by the Cartan connection form cj, see 
e.g. [T]. The connection uniquely extends to an exterior covariant 
derivative on the spaces £^{V) := Vt^{M,V) of /c-forms with values 
in the vector bundle V, denoted (i^ : £^{V) £^^'^{V). The lowest 
homogenoues part of is the Go-equivariant Lie algebraic differential 
dk : E^{V) E^^'^{V) termed the Kostant differential, Here Go 
denotes the Levi part of P. Its adjoint, the Kostant codifferential is 
P-equivariant and gives rise to a complex 

There are Lie algebra cohomology bundles H^. = keid^ im(?^_,_j^ due to 
the P-equivariant projection 

The basic ingredient of the BGG-machinery are the differential BGG- 
splitting operators 

Lk : Hk kerdl, 

defined uniquely by the property that for every smooth section a G 
T{Hk) one has 

dl_,M^{Lk{a))) = 0. 
In particular, one can form the BGG-operators 

Dk '■ Hk — )■ Hk+ii Dk := Hfc+i o d^ o Lk- 

It will be usually clear from the context what is the appropriate value 
for homogeneity k of the form which is acted upon by any of operators, 
i.e. we usually omit this subscript from the notation. 

Let us briefly review the invariant prolongation procedure obtained 
in [5]: 

1.2. Prolongation of the first BGG operator D^. The first BGG- 
operator Dq associated to V is overdetermined, and our aim is the 
construction of invariant prolongation of the corresponding systems 
Doa = on 0" G T{Ho). Let us recall that the approach of |5j starts 
by introducing certain class of linear connections on V which are mod- 
ifications of tractor covariant derivative V^. The first condition on a 
modification map $ G S^iEndV) is that it is homogeneous of degree 
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> 1 with respect to the natural fihrations on TM and V , for which 
we write $ G (£^^(End V^))^. This ensures that basic constructions of 
the BGG-machinery still work. The next condition is that for any sec- 
tion s G r(V^) we have that $s G S^iV) has values in imd*. As a 
consequence, the modified covariant derivative is in a suitable sense 
compatible with the underlying first BGG-operator Dq. The latter 
condition can be rewritten as $ G \m.{dy ® idy), thus we arrive at a 
class of admissible covariant derivatives 

C = |v = V + $1$ G Jm {d*y ® idy.) n {£\En<\V)f^ . 

Here dy denotes d* acting on E^iV) (and not on £^^(EndV^)) and the 
same applies for dy acting on £^{y ). 
The main theorem of ^ is then 

Theorem 1.1. There exists a unique covariant derivative V G C char- 
acterized by the property 

{d;.^idv*)(n) = 0, 

where Q is the curvature ofV . 

This implies V o Lq = Li o Dq, which in turn yields 

Corollary 1.2. Consider a tractor bundle V and the covariant de- 
rivative V in Theorem Then V gives a prolongation of the first 
BGG operator Dq in the sense that the restriction of the projection 
Ho : V Ho to V -parallel sections is an isomorphism with the kernel 
of Do acting on smooth sections T{Ho) and inverted by the differential 
splitting operator Lo : Hq ^ V . 

We therefore say that V is the prolongation covariant derivative. 

1.3. Commutativity for all Dk- In [5] the authors also obtained the 
analogue of V on E'^iV). Here rf^ gives rise to the class 

Cfc := {4 = rf^ + $ I $ G A\lm$ C \md*} 

where A := Hom{S''{V),S^^^(y)) and denotes homomorphisms 
homogeneous of the degree > 1. Then it turns out there is a unique 
dk G Ck such that dy o d^ o dk = 0. This then implies 

dk° Lk = Lfc+i o Dk 

and Hfc and restrict to inverse isomorphisms between KercifcHKer 9* 
and Kei Dk- 

1.4. The guideline for computing examples. Here is the manual 
for treating particular examples, which can be used to derive the ex- 
plicit form of the prolongation covariant derivative. In practice, the 
normalization procedure for canonical tractor covariant derivative can 
be summarized as an algorithm based on the following list of steps: 
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Choose a parabolic geometry {Q , P, M,u)), where Q ^ M is 
a principal P- bundle on M and u e Choose also a 

finite dimensional G-module V and its associated vector bundle 
V termed tractor bundle. Let us fix the two consecutive vector 
bundles of k resp. {k + l)-forms twisted by V. 
Decompose both spaces of k resp. {k + l)-forms twisted by V 
with respect to Go, the Levi factor of the parabohc subgroup P. 
Then compute the value of the Laplace-Kostant algebraic op- 
erator □ associated to d* on each irreducible Go-summand (i.e. 
Go-graded components associated to P-equivariant filtration) 
either by evaluating the action of Casimir operator or from the 
definition D = d*d + dd* . 

Choose a Weyl structure, so that there is a well defined split- 
ting of the filtered bundle V into a direct sum of homogeneous 
components. 

Now the procedure splits into two cases: 

• The computation of the prolongation covariant derivative. 
Check, if {dy ® idy*)(ri), where Vt is the curvature of V, is 
trivial. In positive case, the procedure ends and we have 
computed the prolongation covariant derivative. 

If a :— {dy ® idy.)(fi) ^ 0, take the lowest nontrivial 
homogeneous part ctj of a and define 

^^-n-^aj] V' = V + $. 

Then repeat the procedure with V replaced by V. By con- 
struction, the lowest nontrivial component of a in the next 
step will have degree higher then in the previous step, hence 
the procedure will terminate in a finite number of steps 
(bounded by the length of the grading of V). 

• The case of the whole sequence of commuting squares. 
Here we use another procedure based on the following al- 
gorithm. Consider two consecutive squares containing the 
exterior covariant derivatives : E^iV) i— )■ E^^^iV) and 
ci^+i : S^+\V) ^ 8^+^{V). First check, if 

{d*y®\dv*){dl^,o<f^) 

is trivial. If not, the first step is the same as for the con- 
struction of prolongation covariant derivative above. Con- 
sider a := {d* idv*){d'^^i o d^) ^ 0, take the lowest 
nontrivial homogeneous part aj of a and define 

If a' :— {d* (8) idy*)(dj^ o d'^) is trivial, the procedure ter- 
minates and we define dk — d'^^. If not, take the lowest 
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nontrivial homogeneous part a'^, of a' and define 

$' = -n-^a;.,; 4' = 4 + $'. 

By construction, the degree j' will be bigger than j, hence 
the procedure will terminate in a finite number of steps 
(bounded again by the length of the grading of V). Note 
that iterations (p here are, in general, differential operators 
and their order rises (in general) by one with each iteration. 

The panorama of examples presented in this article follows criterions 
to be useful, nonelementary, going beyond the examples scattered in 
the references and at the same time computable by hand while demon- 
strating the powerful machine developed in [5]. The interested reader 
will easily recognize the complexity of the computation both in general 
and specific situations of interest. 

2. Notation 

In this section we review the basic notation and conventions related 
to the results of our article. 

2.1. Forms, tensors and tensorial actions. In order to be explicit 
and efficient in calculations involving bundles of possibly high rank it 
is necessary to introduce some further abstract index notation. In the 
usual abstract index conventions one would write £[ab-c] (where there 
are implicitly fc-indices skewed over) for the space To simplify 
subsequent expressions we use the following conventions. Firstly indices 
labeled with sequential superscripts which are at the same level (i.e. 
all contravariant or all covariant) indicate a completely skew set of 
indices. Formally we set a} ■ ■ ■ a!' = [a^ ■ ■ ■ a^] and so, for example, 
Sai...ak is an alternative notation for while £a^...ak-i and Sai-.-a^ both 
denote S^~^. Next we abbreviate this notation via multi-indices: We 
will use the form indices 



a^ 




■■a' = 


K- 


■a% 


k>0, 


a'^ 




■■a' = 




■a% 


k>l, 






■■a' = 




■a% 


k>2, 


a^ 


:=a^- 


■■a' = 




■a% 


k>3. 



If, for example, k = 1 then a'^ simply means the index is absent, whereas 
a k = 1 then a means the term containing the index a is absent. 
For example, a 3-form (p can have the following possible equivalent 
structures of indices: 

Note the exterior derivative c? on a fc-form /a can be written as {df)aOa = 
Vao/a for any torsion-free affine connection V. 
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Later on we define the standard tractor bundle denoted by and 
its dual Eb- The form index notation developed above will be used also 
for skew symmetric powers of these bundles. For example, the bundle 
of tractor k-forms will be denoted by Ey^i...j^k or Eji^^k. 

The bundle of endomorphisms of E^ (or Ea), E^f, clearly injects 
E'^F ^ End(r) for any tractor bundle r C ((g) ^^)® ((g) ^b). Consider 
'j^ F £ E^F and / G T. The endomorphism 7 acts on T and we denote 
this action by jj. That is, 7}!/ G T. Using the abstract tractor indices, jj 
is given by the usual tensorial action, i.e. (7!!/)^ = 7'^p/^ for G E"^ 
and (7tl/)yi = —I^aIp for /a G Ea- One then computes jj on the tensor 
products of E^ and Eb using the Leibniz rule. We further put 7}! to 
be zero on £^°, E^ and density bundles (which we introduce later) and, 
using the Leibniz rule, extend 7}! to the tensor products of T with latter 
three bundles. Finally note the action jj is denoted • in [S]. 

2.2. The adjoint tractor bundle and the Laplace-Kostant oper- 
ator. The bundle ^ = ^ x p g is called the adjoint tractor bundle. By 
definition, A C E'^b and more generally A End(T) for any tractor 
bundle T. We shall use jj to denote the action of sections of ^ on T as 
introduced above. Note the curvature of the normal tractor covariant 
derivative V is the section of i^aO^i (g) A and the curvature action is 
2(rf^V/)aO,i = 2VaoVai/ = (fitl/)aOai ^ E^ah] ® T ioi each / G r. 

We have identifications Ea = Q y<pQ- and E"- = A/ A', A' := G Xpp, 
which allow to define inclusions l : Ea "-^ A and I : E"" ^ A/ A'. (The 
latter is just the identity.) We extend these inclusions to 

L : Ea"-^ Ea^ A and 1 : Ea EaoJ' )• EaOa <S) A/ A'. 

Recall that here and below, we use a chosen Weyl structure and the 
corresponding splittings. 

Our aim is to use these tools to express Kostant's differential d, 
CO differential d* and in particular the Laplace-Kostant operator □ [12] 
in a form suitable for computations in abstract indices. Defined on 

® 7", a = a'^ for any tractor bundle T, they have the form 

d -.Ea^T A EaOa ® A/ A' ®T ^ EaOa ® T, 

d* : Ea®r ^ Ea® A®r ^ Ea®T and 
□fc = dd* + d*d:Ea®T ^Ea®T. 

Note d* is invariant but d (thus also D^) depends on the choice of 
splitting of the tractor bundles in question. However, is invariant 
on completely reducible subquotients oi Ea®T and acts by a scalar 
multiple on each irreducible component of such subquotients. That is, 
we choose a splitting of the tractor bundle Ea®T to compute Dfc but 
the value of D/c on a given completely reducible sub quotient alone is 
independent of this choice. 
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The symbol 6" denotes the composition P-module structure of rep- 
resentations or vector bundles. 

Finally note one can compute from highest weight of bundles 
concerned, see We shall use this (less explicit) approach in cases 
when the abstract index computation is getting too complicated. 

Now we are ready to discuss specific geometries. In each case, we 
first summarize the tractor calculus. We shall particularly need the 
normal tractor covariant derivative V and the Kostant's differential 
and codifferential d and d*, respectively. Using these we compute the 
prolongation covariant derivative V and/or d on certain bundles. 



3. Projective geometry 

We follow the notation from [T] here. The projective structure on a 
smooth manifold M is given by a class [V] of projectively equivalent 
torsion free connections. That is, connections V G [V] are parametrised 
by one forms G = r(T*M) and have the form 

(1) V.f = + T,f + T,r5^ f'eS' 

The curvature tensor Rab'^d of a torsion free V is defined by ( VaVf, — 
VfoVa)/'^ = Rab'^pf^ and it decomposes 

Rab'^d = Wab'^d + S^^a'^PfcJd + (^ab^'^d, f^ab = " 2P[a6]- 

Here Wab'^d is projectively invariant (and irreducible) Weyl tensor, P is 
the Schouten tensor, Pab = Pab- VaTfe + TaT;, and (3ab = /3ab + 2V[aTb]. 
We put Aabc '■= 2V[aPf,]c. Then the Bianchi identity V[aRbc\'^e = 
implies 

^cWab^d = (n- 2)Aabd and V[a(3cd] = 0. 

The cohomology class G if^(M, M) is a global invariant of the pro- 
jective structure. Moreover, (VaVft — VbVa)</9 = w(3ab^ for (p G £{w). 

3.1. Projective tractors. We shall write sections of the standard 
projective tractor bundle £^ = £"'[—l](i-£[—l], resp. its dual £a = 
S[l] 6-£^a[l] using the injectors Y^, X^, resp. Ya, Xa as 

(^^^"^ = r/a'' + X> G S^, resp. (^^^^ = Yav + X^/i, G Ea- 

Such splittings of £^ and £a are parametrised by choices of projective 
connections and we call them projective splittings. The change of the 
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splitting under change of the connection parametrised by G £a is 

That is, e £^[l], e are invariant and e [1], Ya G 

1] depend on the choice of the projective scale. We assume the 
normalisation of these such that YaX^ + X'^Yf = Sa^, i-e. YqX^ = 1 
and X^Y^^ = 5\. 

The normal covariant derivative is given by 

V,F/ = -X^Pca, V,X^ = and V Ja = X^P,,, V .X^ = -Y^b^. 
and its curvature has the form 

^ab'^F = YfX{W,Cf - X'^Xf^Aatf e Slab] ® A. 

That is, A = trace-free (f^'^i?) is the projective adjoint tractor bundle 
where "trace-free" denotes the trace-free part. Hence the curvature 
action on £c is (VaV^ - VbVa)Fc = {n^F)abc = -^ab^cFD. We shall 
often write VLab'^Fc instead of {VL^F)abc to simplify the notation. 

Using the notation developed above, the inclusions l and I defined 
in O have the form FjYp : £^ 4 £a<^J^F and X'^X'^p : £^ A ^a^F- 
Thus 

d:£^®T3 f.^Y^,Ypf^^£aO^®T and 

9* : ® r 9 /a x^xi f^A^£^®r 

and we can easily compute on £^a ® 7" using the action jj as demon- 
strated by the following example. 

Example 3.1. We shall compute the case T = £^ in details. Then 
£gp = £a,'^[—l] 6-£^a[— 1], where £a is irreducible and £a'^ has two irrre- 
ducible components (the trace and trace-free parts). We shall compute 
□fc separately for all three irreducible components. 

We start with (not necessarily irreducible) section aa'^ E £^'^[—1]. 
Then d on := Y^a^^ is zero and X^X^'^Y^a^'' = X^a^^P = 
(9*/)a*". Thus d* f = for trace-free section (7^'^. Assume a^^ = S^id^. 

Then /a^ = (9*/)a^ = ^X^^a thus (□fc/)a^ = {dd*f)a^ = 

Y^,a^. Finally if /a^ = X^p^ then (a*/)a^ = 0, (a/)a^ = Y^oP. and 

(□,/)a^ = (9*9/)a'^ = f^X^Pa 

Summarizing, acts by zero on the trace-free part of £^a^[— 1] = 
^a^/^a[-l], by ^^^f±i on the trace part, i.e. on £^,[-1] C ^a^/^a[-l] 
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and by on £^a[— 1] ^ ■ Note the inclusion £^a[— 1] ^ is 
realized by X'^ : E^^ . 

3.2. Skew symmetric tractors and tractor forms. The notation 
for the standard tractor bundle E'^ developed above can be easily gener- 
alised to the products A^^^ ^ ^ ^E^{-i), where C = 
Note 1^ E'^ = Sd, hence these products are isomorphic to trac- 
tor forms. We put 

= y'S' ■ ■ ■ y^J^ e X? = x^<^'Yf . . . yfi e E^. 

and write the sections ol E^ as 

where c = c^. The change of the projective rescaling parametrised by 
Ta is 

' poj = .^T.ia'^) ' = + ^T^ciX^, X^ = X^ 

and the normal tractor covariant derivative has the form 

Example 3.2. We shall compute the sequence for the tractor bun- 
dle E'^, C = C^, i.e. E^ A ... A Ea^^. Since the filtration of E^ 
has level 2, it follows immediately from the construction of d that 
((i>)„Oa = (rf^F),Oa^ + (□fc+i)-i(a*c^^c^^F)„OaC for every Fj^ G ^a'^'- 
(In particular, the difference between and d is algebraic in this case.) 
Let us compute d in details. Assume F^p — Y^Ug,^ -\- 'K^pg^. Then 

{d^ d^ F)a-ia°s!^ = ^^a-^a4^a^ = pPj'^ = 

1 

= 2^ 

for some section p which we shall not need explicitly. Therefore 

It remains to apply Note the map d*d'^d'^ : Ej^ — ?> Eafi^ 

has values in the (completely reducible) subbundlc Eaa^{—^) C E^figp ■, 
cf. the precious display. Irreducible components of this subbundle are 
bundles ti[Ey,k+2-i^ ]{-t), 1 < i < min{£, A; -|- 2} where the notation 
tf[..] denotes the trace-free part of the enclosed bundle. The Laplace- 
Kostant operator Dfe+i on tf[£b''*^*](— •^) acts by A\{t} :— ■^[n — s — t + 
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1 + (/ — t) (n — s)] . Note the computation is rather simple if we consider 
tf[£^b''*^ ](~^) the irreducible invariant subbundle of £^ {Ei...Ei_t) g^j^^ 
then follow 13.11 Also note A\{€) is always nonzero. This of course 
follows by general means but can be verified directly since tf[£^b'''^ ] 7^ 
{0} if and only if s + t < n. 

Proposition 3.3. The operator d : Sj^ — )■ £a°aP the projective 
geometry has the form 

2 min{<?,fc+2} 

^ i=l ^k+2-i\^) 

where a^" = X^F^*^, = X^\...X^t and Proj* : S^s+^^'^^i) 
tj[Sa='^'']{i) , i > is the projection. □ 

The operator d simplifies in special cases i = 1 and k = 0. First 
assume £ = 1. Then {d*d^ d^)aOa'~^ = 2(fc+2) -^^^a°a^ ^ p^t& has values 
in the irreducible subbundle EaPa.[—t) of EgfiiP ■ We computed D/c+i 
acts by ""^^^'''^ on this subbundle. Inverting this scalar, we obtain the 
result 

Now assume = 0. Then [d^d^d^F)^^ = -^^X^PFp/^aP"*^ 
has values in the trace-free (thus irreducible) part of the subbundle 
£a^{—tj. Since Dfe+i acts on the trace-free part of £a^{—t) C by 
the resulting formula is 

We claim (i actually coicides with the prolongation covariant derivative 
V. To verify this, first observe ((V — V)-F)a^ G \m.d* by the constru- 
tion of (i = V. Thus it remains to verify ((i^VF)(j-iaO*" G Kerc?*. But 
since ((i^VF)a-iaO*-^ G Kerc?* (again by the constrution of d = V) and 
d^ — d^ : kerS* C £^a-iaO^, cf. the last term in the previous 

display, the claim follows. Using the matrix notation, V = d has the 
form 



-1 / 



Finally note = 

(using the tractor volume form) for C = 
and D = 0"-"^+^ The case i = n — I (i.e. D = D^) was solved 
in [12], where the prolongation of the corresponding BGG operator 
£a(2) — >■ £{ab) (explicitly fa I— !■ V(a/f,)) is constructed. They construct 
the prolongation as the tractor covariant derivative Da '■ £-02 — i^aD^, 
cf. [5]. Since Da — Va : £d2 — )■ im9* (this follows from the formula 
for Da in p. 9, [12] after a short computation) and the curvature of 
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{DaDh — DbDa) ■ — )■ Ker d* (this is obvious form the formula for 
DaDh — DhDa on £^2 on the same page) we conclude Da = Va, cf. Il.li 

Example 3.4. Here we discuss the bundle = £^''^'>{-2) Q-S''{-2) Q-S{-2). 
Consider a section Fa^*" G 8j~^^\ expanded in the basis of injectors 
as Fj^^ = Y^^Yc^aJ"' + X^^Ff Va' + X^X^u^. Then 

for some section v. Applying d* we obtain 

+ X X [-W[rao''\p\Paf - A[raO\p\(Taf'']. 

The filtration degree of E^^^") is 3 and so the construction of d will re- 
quire (at most) 2 steps. In the first step we put d' := d^ +{^^^^)~^d*d^ d^ : 
£a^'" — 7- SaOa^'" where denotes Dfc+i restricted to the subquo- 

tient £^a'^(— 2) of Sj-^'~^^ which corresponds to the injector X'^^Yc'^ : 
£^a'^(— 2) ^ Sj'^^\ Note this subquotient has two irreducible com- 
ponents but we need only the trace-free part since W[raO^^ \p\0'af''^ is 
trace-free. A short computation reveals d*d = Di acts on the corre- 
sponding subquotient of by Hence 

(rf'F)aOa^^ = V„oFa^^ - ^ [2X(^rf ) iy[..o |,| ^af 

(2) n-k' ^ 

Further computation reveals 

(ci^rf'F)„-.„Oa^^ = (rf^rf^F).-.,Oa^^ - ^[2>^i->^f W^[.ao(^Waar)^ 

+ 2X^^YP{+^6UW[,y\p\p,f - 5^.A[,,o|,|aa 
for some section 7a-ia"a £ ^a-'^a^ai^'^) and 

(a*d^d'F),Oa^^ = - ^X^X^[2V,%,o(^|p|aa]^)^ 

n — k L 

+ {n-k-2) {^Wlrao'' \p\Paf " ^[mO|p|0-a]^'") 

The previous displays shows that {d*d^ d' F)aOa^^ is the section of the 
subbundle £^QOa(— 2) C Ea^a^'^ ■ Since Dfc+i acts on this sunbundle by 
we obtain the resuh d := d' - ,, d*d^d'. 

k+2 ' 2(n— fe— 1) 



pr 



12 



M. HAMMERL, P. SOMBERG, V. SOUCEK, J. SILHAN 



Proposition 3.5. The operator d : Sa^^^^ — )■ i^aOa^^*^'* in the projective 
geometry has the form 

n — k I 

1 r g-jp 



2{n 



where aj'^ = X^X^Fj^^ and pj' = 2X^bYcFJ^^ . □ 

We shall discuss the case = in more details. Then the formula 
in Proposition 13.51 simplifies to 

n 

n \ ^ n — 1 -' 

This means c? is not a covariant derivative on 8^^^^ as the term VTra'^pVsCT'''' 
is not algebraic in F^*-^ , i.e. c? 7^ V in this case. To compute V explic- 
itly, assume = and put V := d' (this is a covariant derivative 
on £^^^^). That is, V^F^^ = V aF^^ - where the ho- 

momorphism '■ £^^'"^ £a^^'"^ is given by the formula i.e. 
{^F)a^^ = X^^Yc^Wra%<y''"^ " X^ X^ Arap^^^ Extending to an 
endomorphism Sai^^'"^ — > £aOa^^^'"\ an easy computation shows 

for some u E £(-2). Therefore (9*^V'F)f^ = -IX^X^Wra^pVca'^P 
and we finally obtain {d*d^'V'F)a^^ = {d*d^V'F)a^^-^{d*^VF)^^ = 
0. Since the left hand side is the curvature of V (applied to F^'-'), this 
curvature is a map 

giBC) _^ Keid*. Thus we verified V = V, cf. 
Theorem 11.11 Rewritting V in the matrix notation, we obtain 

/a^^\ ^ ( 




Note Va provides the prolongation of the corresponding (first or- 
der) BGG operator from £^(^'^)o(— 2) to the totally trace-free part of 
£a^'^\—'^\ The same problem was solved in [13] in terms of the con- 
nection defined by (3.6) or the left hand side of (5.2) there. Let us 
denote this connection on E^^'~^^ by Da- Note the formula for Da differs 
from Va in the middle term of the last matrix in the previous display: 
this term is —^Wra'^pa^^' for Va whereas ^Wra^pa^"^ in the case of Da, 
cf. [m (3.6)]. The reason is purely notational, specifically in the choice 
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of the projectors. If one replaces - which means 

e.g. Fj^^ = Y^fYc^a^" + {-\X^^Yc^)p'' + X^X^v - both terms will 
coincide. Note also that formulas for Va and the normal covariant de- 
rivative defined in the display preceding to p!3l Theorem 5.1] coincide 
after the change of projectors. This confirms the results here coincide 
with those in [13j. 

4. CONFORMAL GEOMETRY 

4.1. Conformal geometry and tractor calculus. We summarise 
here some notation and background. Further details may be found 
in [I5]. Let M be a smooth manifold of dimension > 3. Recall 
that a conformal structure of signature (p, q) on M is a smooth ray 
subbundle Q C S'^T*M whose fiber over x consists of conformally 
related signature-(p, q) metrics at the point x. Sections of Q are metrics 
g on M. So we may equivalently view the conformal structure as the 
equivalence class [g\ of these conformally related metrics. The principal 
bundle tt : Q — )■ M has structure group M+, and so each representation 
1R+ 3 X ^ x""^/^ G End(M) induces a natural line bundle on (M, [g]) 
that we term the conformal density bundle E'fw]. We shall write £[w\ 
for the space of sections of this bundle. We write E"" for the space of 
sections of the tangent bundle TM and £a for the space of sections of 
T*M. The indices here are abstract in the sense of |E] and we follow 
the usual conventions from that source. So for example £ab is the space 
of sections of ®'^T*M. Here and throughout, sections, tensors, and 
functions are always smooth. When no confusion is likely to arise, we 
will use the same notation for a bundle and its section space. 

We write g for the conformal metric, that is the tautological section 
of S^T*M (8) E[2] determined by the conformal structure. This is used 
to identify TM with T*M[2]. For many calculations we employ ab- 
stract indices in an obvious way. Given a choice of metric g from [g], 
we write V for the corresponding Levi-Civita connection. With these 
conventions the Laplacian A is given by A = g^^VaS/h = V'Vb . Here 
we are raising indices and contracting using the (inverse) conformal 
metric. Indices will be raised and lowered in this way without further 
comment. Note E[w] is trivialised by a choice of metric g from the 
conformal class, and we also write V for the connection corresponding 
to this trivialisation. The coupled Va preserves the conformal metric. 

The curvature Rab'^d of the Levi-Civita connection (the Riemannian 
curvature) is given by [Va, Vf,]f = Rab'^d.v'^ {[,■] indicates the com- 
mutator bracket). This can be decomposed into the totally trace- free 
Weyl curvature Cabcd and a remaining part described by the symmetric 
Schouten tensor Pab, according to 



(3) 



Rabcd — Cabcd + '^gc[aPb]d + "^gdlb^alc 
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where [■ ■ ■ ] indicates antisymmetrisation over the enclosed indices. The 
Schouten tensor is a trace modification of the Ricci tensor RiCab = Rca'h 
and vice versa: RiCa?, = {n — 2)P ah + ^9 abi where we write J for the trace 
Pa" of P. The Cotton tensor is defined by Aabc '■= 2V[aPb]c- Via the 
Bianchi identity this is related to the divergence of the Weyl tensor as 
follows: 

(4) {n - 3)A,,, = VCdcab. 
Finally we put 

(5) B,, = V^A,a, + P^"?Cpa,, e S(^ab)o [-2] . 

In the dimension n = A, this is the conformally invariant Bach tensor. 

Under a conformal transformation we replace a choice of metric g by 
the metric g = e'^^g, where T is a smooth function. We recall that, in 
particular, the Weyl curvature is conformally invariant Cabcd = Cabcd- 
With Ta '■= VaT, the Schouten tensor transforms according to 

(6) Pab = Pab - VaTt, + T.Tfe - iT'^T,^,,. 

Explicit formula for the corresponding transformation of the Levi- 
Civita connection and its curvatures are given in e.g. [H |TS]. From 
these, one can easily compute the transformation for a general valence 
(i.e. rank) s section fbc---d ^ Sbc-^dlw] using the Leibniz rule: 

'^afbc-d =^afbc---d + {w — s)Tafbc - d — ^bfac-d ■ ■ ■ — T dfbc - a 
+ fpc-d9b-a ■ • • + ^^fbc-pQd-a- 

We next define the standard tractor bundle over (M, [g]). It is a 
vector bundle of rank n + 2 defined, for each g G [g], by [£^]g = 
S[l] © Sa[l] © ^[-1]. lfg = e^'^g, we identify {a,Ha,r) G [S\ with 
{a, /ia, t) G [£^]g by the transformation 




(8) 



It is straightforward to verify that these identifications are consistent 
upon changing to a third metric from the conformal class, and so taking 
the quotient by this equivalence relation defines the standard tractor 
bundle over the conformal manifold. On a conformal structure 
of signature {p,q), the bundle £^ admits an invariant metric Hab of 
signature (p + 1, g + 1) and an invariant connection, which we shall 
also denote by Va, preserving Hab- Up to an isomorphism this the 
unique normal conformal tractor connection and so induces normal 
connection on £^ that will be denoted Va and termed the (normal) 
tractor connection. In a conformal scale g, the metric Hab and Va on 
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are given by 

/O 1\ (a\ I Vaa-fia \ 

(9) hAB = g^f, and Va Lui = Va/i;, + Qab'^ + Pab" ■ 

VI 0/ VJ \ Var-P,b/i^ / 

It is readily verified that both of these are conformally well-defined, i.e., 
independent of the choice of a metric g E [g]. Note that Hab defines a 
section of Sab = £a® £bi where £a is the dual bundle of E"^. Hence 
we may use Has and its inverse h"^^ to raise or lower indices of £a, £^ 
and their tensor products. 

In computations, it is often useful to introduce the 'projectors' from 
to the components £\\], £a\^] ^^'^ £[~^] which are determined 
by a choice of scale. They are respectively denoted by Xa € 
ZAa e ^Aa[l] and Ya e where £Aa[w] = £a ^ £a ^ £[w], etc. 

Using the metrics Hab and gr^^ to raise indices, we define X^, Z^", F^. 
Then we see that YaX^ = 1, ZAtZ^c = Qbd ^'^d all other quadratic 
combinations that contract the tractor index vanish. In ([8]) note that 
a = a and hence is conformally invariant. Reformulating ([9]), we 
obtain 

V,F^ = 4P„,, V,Zl = -Ys5l-Xj,Pj' and V A = 

Given a choice oi g E [g], the tmctor-D operator Da'- £b---e[w\ — ?■ 
£ab-e[w — 1] is defined by 

(10) DaV := {n + 2w- 2)wYaV + {n + 2w - 2)ZAa^''V - X^DV, 

where nV := AV + wW. This is conformally invariant, as can be 
checked directly using the formula above. 

The curvature Q of the tractor connection is defined on £'^ by [Vq, V^jV^'" = 
^ab'" eV^ ■ Using and the formulae for the Riemannian curvature 
yields 

(11) ^abEF = Z^ZpCabef — '^Xy^Z p^Aabf G £[ab][EF] = £[ab] ® 

where A = £[ef] is the conformal adjoint tractor bundle. We shall 
write flab'ilFc or {Q'^\F)abc for the curvature action (VaV;, — VfeVa)F(7 = 

—^ab^C^D- 

Using the notation developed above, the inclusions t and I defined 
in 12.21 have he form —2Y[EZp-^aO '■ £& £a'^a[EF] and — 2Xj^X^j : — > 
£a[EF]- (The scalar —2 is used for the sake of compatibihty of d and 
V, cf. [9j.) Thus 

d : £^®T 3 -2Y[EZF]aofa — > £aOa ® T and 

d*:£^®r3f.^ -2X[eZ^; f^^s^^r 

and we can easily compute Dfc on ® T using the tensorial action ^. 
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Example 4.1. We shall compute d on forms twisted by £c- Let a = a'^ 

and consider Fac = ^c^a + ^c/^ca + XfjU^ G £ac- Then 

hence ((9*d^d^F)„0aC = -2(fcT2)^C [C'aOal''>rap + ^a^al'^Crra] • This is & 

section of the subbundle i^aOa[~l] ^ ^a^ac and one easily computes 
acts on this (irreducible) subbundle by — Therefore {dF)aOac = 

VaoFac - 2{n-k~i) ^c [CaOai''>rap + v4<jO<jiVra] for < A; < n - 1 and 

d = d^ for > n — 1. Finally note that the prolongation covariant 
derivative coincides with the normal one for k = 0, i.e. V = V on Sc- 

Example 4.2. The computation of the prolongation covariant deriv- 
ative is getting rather technical for more complicated bundles. We 
shall demonstrate it on the prolongation covariant derivative V on 
^{BC)o- (Note £(BC)o S^^'^^o g^j-Q isomorphic using the tractor met- 
ric.) The computation consists of three steps: we start with V and 
then define covariant derivatives V, V and V. Taking a section Fbc = 
YiBYocr + Y^gZ^^pc + Z^j^Z^^Ubc + X(bYc')'^ + ^(s^c)/^c + we 
get 

{d^d^F)aOalBC = ^^aOa^^BC = l^^'a^ BC^^ ^PQ = 

=Y{B^C) [2^aOa^/Pp + AaOaic<^] + Z^^Z^-^ [C {b'' ^ c)p + -AaOa^{bPc)\ 

— ■^X(^ByC)^aOa^^Pp + ^(B^C) [2^aOa^/fJ'p — AaOai^UJcp + -^aOaic^^] 

— -XBXcAaOai^Pp. 

where ^'aOa^BC^'^ ■~ '^^aOa^{B^^hc)^\ Applying d* to the previous 
display we obtain {d* d^ d^ F) ai bc = —'^^{B^'^^\ra^\c)^ FpQ because 

^a°a^EF IS 5*-cloSed (i.e. X^O^Pfipaip^i = 0). We put ^a^BC^'^ '■ = 

—2X(^B^^^\ra^\c)'^ ■ Equivalently, '^a^BC^'^ can be obtained by applying 
d* to the f^Bc-factor of ^aOai(BC)^*^- "^^^^ is exactly the operator dy 
from f5] since the notation therein means V = £(^bc)o-, V* = S^^'^^" and 
therefore ^'aOa'^BC^^ ^ ^a^a^ ® End(\^) is the curvature tensor of Va on 
V = £(^BC)o- We shall denote the operator dy by d%(j : Sa^a^BC^^ ~^ 
Sa^BC^^ here. Thus we have ^aiBC^^ = U^*Bc^')a^BC^^ , explicitly 

(12) + X^bZS) [Z^^'^Z'^^'^Caipc, + 2X(^Z«)'?A,i(,,)] 
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Since |Cai(fec)Vp+^ai(bc)0" is a section of the Cartan component of the 
subquotient £[a^h\®£c of £a^{BC)o '-'i ^"^^s on this subquotient by — |, 
we put V aFsc = ^ aFBc+\^ aBC^'°^ FpQ as the first "approximation" of 
V. We need to know V a0^a> bc^'^ to compute the curvature flaOa^ bc^'^ 
of V. First, it easily follows from '^a^BC^^ '■= —'^^{B^^^\ra^\c)^ that 

{d^<il)aOa^Bc'''^ = VaO^a^Bc'^'^ = -2 V,oX(B^^^^|™l IC)*^ = 

since Va-^^aOa^cQ = 0. Expanding the expressions in the previous 
display we obtain 



+ ^iB^C) 



+ ^{B^C) 



+ XbX, 



c 



+ X(^Z«)'?(-2g„0[,A,],i, + -V,Ca - 9b[c^W'a^\q]) 



+ Z'^'^^ Z'^^'^[2g^oy^A.p\^a^q - -VpCaOalcq + 9 p[c^\aO \q]) 



after some computation which uses the differential Bianchi identity, in 
particular the relation [181 (29)]. Now we need to apply d^c to the 
previous display. This yields 

+ X^Xc [\{n - + lx(^Z«)«i?,i,] . 

We need to compute "^a^BC^^ = \{d%c^)a^BC^^ satisfying "^^ibc'^'^Ppq 
{d*d'^VF),.BC- Since V^F^c = V„ + f ^.bc^^ we have 
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where A ^)aO,iBc^^ = ^aOBC^^'^aiR^^^. Since i(9|,cfi')aiBC^^ = 
Bc^'^ by definition of applying to the previous display yields 

(13) 

where 
(14) 

Remark 4.3. The section {d*ct^'^)aBC^^ is closely related to the con- 
formally invariant curvature quantity 

Wef =in - 4)Z|Z|ab - 2(n - 4)Z|X/Ae/ 
- 2(n - 4)X^Zf Afe + AX^X^Bef, 

cf. [H] where all the form indices E, F, e, f have the valence 2. 
In fact, one easily computes {d*d^<i!)aBC^^ = -IZ^X^bWc)^^ r^^ ■ 
Since {d*dy'^)aBC^'^ coincides with "^aBC^^ up to the terms involving 
Cgi^'~^'>^Cqrsp and Ca^^^^^^Ap^s, cf. ffT^ . conformal invariance of Wef 
verifies the invariance of the previous computations. 

Looking at the form of ^E'aiBC^'^-^PQ, we see that we need the action 
of Di on the subquotient £{a^c)o of Saisc (corresponding to the injec- 
tor X^^Z^^). A short computation reveals this is — | hence the next 

"approximation" of V will be the covariant derivative 

fa := Va + -^aBc""^ = + ^^aBc'''^ + -^aBc'''^ : ^(PQ) ^ ^a(BC)- 

n S n 

Now we need the curvature VLaOa^ bc^'^ of Va and then to apply d*^^ on 
^^VLaOa^BC^'^ ■ It follows from the definition of Va that 

(15^ 

Since ^aOBC^^^aipS^'^ = ^aOp^^^^alRS^^ = 0. ^ 

The next step is to compute ^E'aisc^'^ •= \{.d*B(jVL) „! bc^'^ ■ We apply 
^*BC to the three terms on the right hand side of (fT5|l . Firstly recall 
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l{d*Bc^)a^BC^^ = ^a^BC^'^ by definition. Secondly, one gets 



+ 2(n - 4)X(^Z«)«p,„oA,(„i,) - X^'X'^g.^oBaic 

+ (n - 4)Z^'(^Z'3)«(V„oai(pg)c + 2^,o(pA,)(„i,) + 2g,o,A,i(p,)) 

+ 2X(^Z«)^((n - 4)V,oA,(,i,) - (n - 4)P„ofC„i(p,)e + 2^„o[,55]„i 
2 

+ X^X«(-V„oi?„i, - 2(n - 4)P„c^/l,(„i,) + ^^,„oai(''*)^A,(,,))" 

for some ^a^^^ ^ ^a^^*^ after some computation. Using the last display, 
it is not difficult to verify 



r) 9 



Thirdly, one easily derives a^BC^^'^ a^RS^^ = -^'^ a^BC^^'^ a^RS^^ ■ 
Hence we finally obtain 



where - A(n - 3) = -^(n - 2) - ^(n - 4). 

In the last step we need the action of Di on the subbundlc (f^^i [^2] C 
Sai(BC)o corresponding to the injector XbXc- This is the scalar — (n — 

1), so by adding ^^y^i^-BC^*^ to Va we obtain the resulting prolonga- 
tion covariant derivative 



3 n n — 1 



Proposition 4.4. The prolongation connection V : S(^bc) ~^ ^a{BC) 
the conformal geometry has the form VaFBC — ^ uFbc + aBC^^ FpQ 
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where 



aBC 



PQ 



ry h ry c 



(be) 



n 



n 



g(ac)j 



3 n 



Y\ ^qrspj 



+ 



3n(n — 1) 



prs 



□ 



Example 4.5. The prolongation covariant derivative V on tractor 
form bundles Sao a, A = A'^ was computed in [llj. Consider a sec- 
tion F4OA = Y^0AO'a+ fc^ZAOA/"a°a + W^O^Z/a + X^o^Pa ^ Sa^A- TllCU 



W^OA 



A; — 1 

a" a iCTpa H 9caoCa^ 



2?T,(?7, — k) 
+ X^OA 

A;- 1 



— 4 P , rr ■ 



+ 



2(n - k) 



n 2)Cca^ ^pqa {k 2)Cq,2q,3^ C"cpga 

(A; - l)(A;-2) 

n - 2A; 



2nA; 



pqa 



2n 



-(Veaia2"'^)crp,a+5cai^^''a2^: 



pga 



— 94 i^n- . — 4 1 oPn- ■■ -I- r tP'^ii ■ 
'^^ca^ '-'pa ■'^a'^a^ cpa i '^ca^ h^pqa 



+ 



n[n — k + 1) — 2k 
nk 



p 



n 



' C PQ ,1 
'^n^n^ H'cpga 



cf. HH Remark 4.2]. 



The prolongation covariant derivative V simplifies for A; = 2 in di- 
mension n = 4. Then we have (at least locally) the conformal volume 
form 

(17) ee e £S] such that e^e^ = 4!, i.e. e"ec = ilS^l 5^ 5^, 

where c = c^, e = e^. Recall Ve = for any connection V from the 
conformal class. Then the Hodge-star operator * : £^k — )• £a_i-k, k = 
0, . . . , 4 has the form (*/)afc = Ca*"" /r*-*- The eigenvalues of * for k = 



2 are ±2. The induced tractor volume form Ece = — SOW^sec-i £ 
yields analogously the tractor Hodge-star operator * : S^i — t- S^e-e. 
The eigenvalues of E for i = 3 are ±6. 

Henceforth we assume k = 2 and n = A and *F = 6F. If not stated 
otherwise, all form indices will have valence 2, e.g. A = or a = a^. 
Our normalization of volume forms E and e means that 



* cr = 2cr, *fi = — 3z/, *z/ = 2yU, *p = — 2p, 
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i.e. (Ta is self-adjoint. Using this and (IT7|) one easily verifies 
Thus the prolongation covariant derivative V has the form 

~ 1 1 

The connection V simplifies considerably for half-flat structures, i.e. 
when 

(20) ea'-Crb + eb^'Car = 4ACab, A e {+1, -1}. 

The self-adjoint structure A = 1 equivalently means fr = for every 
anti-self-adjoint two form /a and the anti-self-adjoint structure A = — 1 
analogously means fr = for every self-adjoint fa- It follows from 
([20]), (HID and ([nD that 

(21) C/ai^p = ACa>,r- 

We shall discuss the anti-self dual case A = — 1 in detail. A short 
computation reveals 

CaVr = 0, A''a(Tr = and A^^acp = 2AaiJ'cra2p, 

where the second and the third equally follow by applying V"^ and VqO , 
respectively, to the first one and using VaoCar = 2gf„o.riAar2- (Note the 
last equality says Aja^cTcjp = 0.) From the last display and (12T]) for 
A = — 1 we finally obtain the following: 

Proposition 4.6. Consider an anti- self- dual conformal structure in 
the dimension 4- Then the prolongation connection V : ^^[^0^] 
^c[AOA]' A = on the bundle of self-dual tractor 3-forms ^^[^0^] ^ 
^^[AOA] has the form 

for F40A G ^[^OA] where = 3X^°'^F40a and Va = -eW^^-^FAOA- 

Note a modification of V on S^o^. ^^^o obtained in yiOj, (2.27)] 
where the spinorial notation is used. 

5. Almost Grassmannian geometry 

A complex almost Grassmannian (or AG-) structure on a smooth 
manifold M is given by two auxiliary vector bundles £^ and £a' and 
the identification 

(22) = 8 A' ®S^ = Si,, /\^£^ ^ /\p£a', 
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where p is the rank of Sa' and q is the rank of f"^. In fact, all results we 
obtain hold for all real forms of a given complex geometry, [12]. Moti- 
vated by the case p = q = 2 when the structure is the spin conformal 
structure, we shall term S"^ and £a' spinor bundles. 

Following [16] and equation fl22|) . we adopt the convention 



for line bundles. This isomorphism is given explicitly by the tauto- 
logical section Ca? € i^A9[l] as 1] 3 f ^ f^Ai ^ ^ai- A choice 
of a scale ^ ^ ^^[1] is equivalent to the choice of spinor volume forms 
^Ai '■— ^~^^Ai £ ^Ai, and analogously for £-^"' . 

Our convention for the torsion Tab'^ and the curvature Rab'^c of a 
covariant derivative Va on TM are given by the equation 

2V[„Vb]t;^ = Tab^Vdv" + Rab'dv". 

Summarizing [TBI Theorem 2.1], for a scale ^ € £^[1] on an AG-structure 
there are unique covariant derivatives on £^ and £a' such that the tor- 
sion ^ ^, of the induced covariant derivative on TM is totally trace- 
free, the induced covariant derivative preserves (1221) and in addition, ^ 
is parallel. We denote this class of covariant derivatives, parametrized 
by sections of £[1], by [V]. Changing the scale ^ ^ i = e^C, G £[1] 
with T a smooth function, the covariant derivative V changes to V in 
a way that 

V^'^c = Viu'' + S^T^u^, for G £^, 
Va^c = V^^'mc" + Sc'T^ub', for uc G £c', 
(23) V^vb = V^vb - r^VA, for vb G £b. 

V^v^' = V^v^' - t;^', for vb G £b and also 

Vaf = Vaf + wTaf, hi f G £[w] 

where = VqT. We use hat sign to denote quantities corresponding 
to the changed scale ^ = e^^ from now on without further notice. 

Given V G [V] , we denote all covariant derivatives on tensor products 
of £'^ ans £a' also by V. The curvature on spinor bundles is given by 

(2V[aVb]-T,,'^Vd)t;^ = Rat%v'', {2^ ^a^,^-TjW d)vD' = -RabU'Va- 

The curvature of V is i^^^f = Kbc^D' - KbO'^c^ where and 
RahD trace-free on the spinor indices displayed. The relations 

C _ TT C xCdA'B' , xCcB'A' 



^abD — '^abD "B^AD "A^-^ ^ , 

p C _ TT C'.^B'pA'C xA'pB'C 
^abD' — '^abD' "r '^D'^ A B ^D'^ B A ) 



together with the condition b a ~ ^a br' — ^ (and the algebraic 
Bianchi identity) determine U^f^'j^, U^f^'j^, and the Rho-tensor Pab- In 
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more details, the curvature on the (co)tangent bundle is 

^abd — ^abd "T (>C' (>A^B D ~ '^C A D + '^D'^C ^ B A " '^d'^C ^ A B 

where t/^^^ = U^^']^5^', In this form, tensors U are determined 

by f^rfta — ba~ ^a BR' = 0- (Note the previous display means 
the decomposition U = R + dP where U is 9*-closed, cf. the theory of 
Weyl structures in [9].) Furthermore, 

(24) f/„,g = -[/,,g; = 2P[,,] and - 2{p + g) P[,,] = V.T^,'^ 

where the last identity follows from the algebraic Bianchi identity. 

We will be mostly interested in the case p = 2 and q > 2. In this case, 
the only invariants are the trace-free part of r|^^j''g, and the trace- 
free part of ^^("^^1^, [16j. That is, if these two vanish, the geometry is 
locally isomorphic to the homogenous model. Finally note that using 
the algebraic Bianchi identity we obtain 

jrR'[A'B'] _ jj[A'B']R _ jjR'(A'B') _ jj{A'B')R' _ „ 
^ {AB)R' ~ ^ R{AB) ~ ^ [AB\R' ~ ^ R[A B] ~ ^' 

jrR'(A'B') _ jj{A'B')R _ {A'\e\rj.B') r 

(25) ^ {AB)R' ~ ^ R{AB) ~ ^^T{A ^B)e 



jjR'[A'B'] _ jr[A'B']R _ 1 rp [A'\e\rpB'] r 

^ [AB]R! R[AB]~ g_^4^''[A ^ B]e ■ 

5.1. Grassmannian tractor calculus. We follow [16] here. The 
standard tractor bundle is the (spinor tractor) bundle = £^Q-£^ 
and we denote its dual by = £a' ^£a- (That is, we use Greek let- 
ters for spinor tractor abstract indices.) Using the injectors € £% 
X% G £% and G £^ , G £^, sections of £^ and £a are written 
conveniently as 

Ja') = Y2<y^+X%p^' G resp. {^^'^ = /i^ G £.. 

Splittings of £" and £a are parametrised by choice of the scale ^ G .£^[1]. 
The change of the splitting has the form 

A' } — \ pA' _ j^^B^ ; i-e- Ya =^A + ^B''^A 5 ^A' = ^A' ^nd 

1^A' \ _ I ^A' \ . ^A' _ y^T"^' ic^ - 

l^A J \fJ'A + a'^A' J 

That is, the sections X^, and X^ are invariant and Y^ and Y^' depend 
on the choice of the scale. They are normalized in such a way that 
Y^X^ + Y^'xi, = 6 J, i.e. X^YX = 6a^ and X%Y^^' = 6a'^' . 
The normal covariant tractor derivative is given by 

V 4 R' — — D' ui r^p'D' D ana v ^ — — m „p'o/ 
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That is, 

V^V^" = -X^,P^'|', V^'X^, = Y25% and 

Its curvature ^^.b^ trace-free on the spinor tractor bundle and has 
the exphcit form 

Q a _ rp C , \^oi yDjj C , \^D'tt C 

^''abfS — ^C^(3 -'-abC ~^ ^C^I3 '-^abD ~^ ^C'^ 13 ^ abD' 

+ X°,X^^Q,,g' G £y,,{l C ^[,,] trace-free(£:^") 

where Qabc = -2V[aPfe]c + Tab'^Pec e £[ab\c and trace-free = ^ is 
the adjoint tractor bundle. That is, (VaV^ — V;,Va — Tab^V e)f^ = 
^abP^ = i^Wab'' = ^abW" in our notation. 

The inclusions l and 6 from [272] are of the form ^^0^3^°' : £-a°a°' p 

and X^^.Xf : £^ A ^a""/?, where we use the identification 8^0 = £^0 
and S""^ = S^l,. Therefore 

d:S^®T3 U^YXoYf'U^SaOa^T and 

for any subbundle T of (^£^a ® ® This does not cover all 

tractor bundles but will be sufficient in the examples treated below. 

Henceforth we assume p = 2, q > 2. Note we have the decomposition 
^abp — ^^(AB)^^ + ^^[AB]^^' where the component fi^j'^^j''^ vanishes in 
the torsion-free case. 

5.2. Skew symmetric tractors and tractor forms. We shall also 
need tractor bundles /\^ £°' = 8°" with the notation for the multiindex 
a = Q!^. Since /\^ £°' = /\^^'^~^ (we assume orientability here), these 
are just tractor forms. Specifically, the case I = q + lis just the bundle 

It follows from the structure of S"" that 

= £^ (h^^'^ (hf cc = a.\ A = A\2<l<q. 

Of course we have the isomorphism ^I-^'c'l^ ^ £^[—1] using the spinor 
volume form e^'c ^ ^[B'C'][~1] but it turns out more convenient for 
the computation to use the form as in the display. 
We put 



Yi = F';, . . . e £1, W^,j, = X'l, . . . e s-j^, 

•^a V^°''^ voi^ v"*^] p " 

^B'C'A - ^ B'^ C'^ A^ ■ ■ ■ ^ A<i ^ ^[B'C']A 
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where X^,^,^ is invariant and and W^,^ are scale dependent. Fi- 
nally, the normal tractor connection on these section is 

V,W^,^ = Y^^ 5% - (£ - 1) X^,^,j^P|,|2;], and 



Example 5.1. We shall demonstrate the prolongation covariant de- 
rivative V for AG-geometries on tractor bundles corresponding to fun- 
damental representations. These are bundles 8°" for 1 < i < q + 1. 
Since the computation is getting very technical for 1 < £ < g -|- 1, we 
later restrict to torsion-free manifolds. 

First we discuss the cases E"' and £p = f\^'^^ 8°". Considering e 
8°" and G 13 & 8 13, a short computation gives 



(d^d^d^'F)," = -X^^X^S^ ^ and 



{d*d^d'^G)ci3 — -■^X'^,X^Sq£ G^, 



where 



D'C _ ttR'A'B' _ ttA'B'R 
RAB 



QU'C TJtCJiU- TT 

'^CD — AB R' — 



(A'lelyS') r 



r{A 



B)e 



lA'\e\rpB'] 



_^4^r-[A B]e ■ 



Hence we need the action of the Kostant-Laplace operator □ on 8^''"' = 
8^Q ^ (B8^q'~^ K The eigenvalues are, respectively, 1) and ^{q + 1). 
Therefore the prolongation connection V has the form 



^cGp = VcGp + X'^iXp 



q(D'C') 

CD + 



qiD'C) 

CD "I" 



-S 



.[D'C] 
' CD 

[D'C] 
CD 



for F'^ e8'^, 
Goj for Gi3 e 8i3. 



It remains to consider the bundles 8°^, ex. — for 2 < £ < q. 
Consider the section F« = Y%a^ + W^,^//^'^ + ^b'CaP^'^'^' ^^^^^ 
e 8^, H^'^ E 8^'^ and p^'^'^ e £:[-B'c']a ^ straightforward 
computation shows that 



fTj [A\\Q\k]_rp [A\\Q'\k] 



+ W^'A 



de Q 

2 



^-'-deO'P ^^B'Ck^ 



B'C'A 
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for a section (p^''-^'^ e S^'^'^. We need to compute d* of the previous 
display. 

It turns out the computation is getting too technical in general, so we 
compute V in the torsion-free case only. That is, we assume T^j,^ — 
(hence also — 0) from now on. Then we obtain 

{d*(f(fF)^'^ = 

Since U^^'q — in the torsion-free case, we conclude that 

{d*d^d^F)e'^ = 0. This yields the surprising result V = V on E". 
The same is obviously true also for £ = 1 and i — q + 1. Hence we 
obtain 

Proposition 5.2. The prolongation connection Vc : — )> 8^°", a. = 
for \ <^<q + lon torsion-free AG-manifolds is equal to the 
normal tractor connection, i.e. V = V. 
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